In Gromov's 1983 paper, some lower bounds of systolic volume of surfaces are proved by using a covering argument. In this paper, we show that Gromov's covering argument can be applied to Berger's embolic inequality. A lower bound of embolic volume in terms of the first Betti number is obtained, which is a generalization to Durumeric's previous estimate. Moreover, in the paper we present a detailed description to Gromov's method.
Introduction
In this paper, we exploit Gromov's covering argument in [4, Section 5.3.] . Suppose that Σ is a closed hyperbolic surface with large genus. For any given Riemannian metric G on Σ, the homotopy 1-systole of (Σ, G) is defined as the shortest length of a non contractible loop in Σ, denoted by Sys π 1 (Σ, G). In [4, Theorem 5.3.B.], Gromov showed that
where the infimum is taken over all Riemannian metrics on Σ, A is a positive constant which can be explicitly given, and b 1 (Σ) stands for the first Betti number. Gromov showed estimate (1.1) in terms of a covering argument. In this covering argument, the first step is to construct a maximal system of disjoint balls {B(x, r)}, then the system {B(x, 2r)} of balls with doubled radii is a cover of Σ. In Berger [1, Section 7.2, Lemma 125.], this technique is summarized and called covering trick. By covering trick, Gromov proved that
where a is a given constant. Then Gromov used a more complicated covering trick to show the estimate (1.1). We exploit Gromov's complicated version of the covering trick in this paper. Then we show a generalization to n-dimensional compact Riemannian manifolds for Berger's embolic inequality. Let M be a compact n-dimensional manifold endowed with a Riemannian metric G, denoted (M, G). Denote by Inj Rad(M) the injectivity radius of (M, G).
Berger showed the following embolic inequality. 
where B n could be a constant depending on the manifold dimension n.
Berger's inequality implies that Emb(M) B n . The constant B n in (1.3) can be taken σ(n) π n , where σ(n) is the volume of unit Euclidean n−sphere. The optimal constant in an embolic inequality is called embolic volume of M.
where the infimum is taken over all Riemannian metrics G on M.
Main theorem of this paper is as follows. Theorem 1.3. The embolic volume has the following lower bound in terms of the first Betti number b 1 (M),
where D n and D ′ n are two constants only depending on the manifold dimension n.
The estimate (1.4) is an improvement to Durumeric's earlier result. Theorem 1.4 (Durumeric 1989 , [3] ). The embolic volume Emb(M) of a compact n-dimensional manifold M satisfies
In [3] , Durumeric showed the estimate (1.5) in a different method. Note that in [4, Section 5.3.], Gromov firstly used another simpler covering argument to show
and then obtained the estimate (1.1) by using the delicate covering argument exhibited in the following section of this paper. In particular, Gromov's simpler covering argument can also be used to get Durumeric's estimate (1.5). Hence our generalization of Durumeric's result (1.5) is exactly parallel to Gromov's two results. Another result can be obtained from the proof of this theorem is an upper bound of the number of balls to cover M. 
where F n is a constant only depending on the manifold dimension n.
Theorem 1.5 implies that the compact manifold M has an open cover of contractible sets, such that the number of sets in this cover is bounded in terms of the embolic volume. In Berger [1, Section 7.2.6, Theorem 162.], there is a similar result. In our estimate (1.6), the upper bound of N is only related to the embolic volume of the manifold.
Proof of Theorem 1.3
First we prove an estimate of growth of the volume of balls with small radii in a Riemannian manifold. In Guth [5] , balls of small radii with such volume growth is called of "reasonable growth". Proof. For any point p ∈ M, we have the following fact,
where Sc p stands for the scalar curvature at p, and ω n is the volume of unit Euclidean n-ball. For the given point p ∈ M, we define a density function with radius r to be Density p (r) = Vol(B(p, r)) r n .
Due to the local volume identity (2.2), we have the following fact, lim r→0
Density p (r) = ω n .
Hence if we assume that the estimate (2.1) is not true, then for the given value α = 5 n+θ ,
holds for any 0 < R R 0 , so that
We have
However, this is a contradiction. If we let ℓ → ∞, the right side of
is going to infinity, since θ > 0 and lim ℓ→∞ Density p (5 −ℓ+1 R 0 ) = ω n .
When R is the largest value in the interval (0, R 0 ] satisfying the growth estimate (2.1), and assume that R = R 0 , then for any R < R ′ R 0 , we must have
Now we choose a positive integer k (k 1) to let
Note that the integer k depends on the point p and the given value R 0 . If R = R 0 , we can set k = 0. The balls with above properties are called "admissible balls" in Gromov [4, Section 5.3.] . 
(2) 0 < R < R 0 and the following two conditions hold,
Next we show an upper bound of the value of k. A local version of Berger's embolic inequality is proved by Croke. We will use this local estimate. where C n is a constant only depending on the manifold dimension n.
We choose R 0 = 1 2 Inj Rad(M). According to the definition of "admissible balls", we have
Vol G (M ) CnR n 0 −n + log 5 α .
(2.5)
Let Γ = γ 1 ∪ γ 2 · · · ∪ γ b , with {γ 1 , γ 2 , · · · , γ b } a system of loops representing the homology basis of H 1 (M). We choose a maximal system of balls {B(p j , R j )} N j=1 with centers in Γ. Then in terms of the maximality, {B(p, 2R j )} N j=1 covers the graph Γ. And we have the following relation between the first Betti number b 1 (M) and the number N of balls, b 1 (M) T − N + C, where T is the number of pairwise intersections in the cover {B(p j , 2R j )} N j=1 , and C is the number of components of the open cover {B(p j , 2R j )} N j=1 . It is easy to see that N C, so that T is an upper bound of b 1 (M).
The number of pairwise intersections in {B(p j , 2R j )} N j=1 can be estimated in terms of the injectivity radius. One fact is that if
Assume that the ball B(p j , 2R j ) has nonempty intersections with balls in
where the last inequality holds since the upper bound of k i,j showed in (2.5). Hence we have , where E n and E ′ n are two constants only depending on the manifold dimension n. Finally we obtain the estimate (1.4) in Theorem 1.3.
Proof of Theorem 1.5
In the proof of Theorem 1.3, we verified that the number T of pairwise intersections in the cover {B(p j , 2R j )} N j=1 has the following upper bound, where F n is a constant only depending on the manifold dimension n.
